
 1 

Proofs of theorems 2 and 3 and other supplementary materials for 
 

“Taylor’s theorem: the elusive c is not so elusive” 
 

Rick Kreminski,  
CMJ, May 2010 

 
 

This supplement provides sketches of proofs of Theorems 2 and 3 from the article 

“Taylor’s theorem: the elusive c is not so elusive” by Rick Kreminski, appearing in the 

College Mathematics Journal.  It also includes a table that summarizes numerical 

computations which demonstrate theorems 2 and 3; elaborates on some examples alluded 

to in the article; and makes some remarks on the article’s conclusion.  This supplement 

should be read in conjunction with the article, but to assist the reader, some material from 

the article is duplicated below.   

The notation will follow the opening lines of the article: 

Taylor’s theorem (with the Lagrange error term) states, with suitable assumptions 
about f, that 

         
 

for some cn between a and b.   
 
The quantity cn is what we mean by ‘c’ in the title of this article.   
 

For convenience we restate the two theorems:  

Theorem 2: If, for some increasing set of integers nk ,   on 

 [a,b] for some M independent of k,  then .  

 Practically speaking, when , . 

 
 Theorem 3: If, for some increasing set of integers nk, , and  
0 < m <   < M1  and   independently of nk, on [a,b],  then 
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.  Practically speaking,  if f (n+2) (a) = 0 and  f (n+3) 

is nonzero on [a,b] (and a suitable technical condition), then  

for large n.   Similarly if f (n+2) (a) = f (n+3) = 0 and f (n+4) is nonzero on [a,b] (and 

another technical condition), then for large n.  More 

generally, if f (n+2) (a) = f (n+3)(a) =…= f (n+m)(a)=0 and f (n+m+1) is nonzero on 

[a,b] (and a technical condition), then for large n  

 
We also restate the discussion that leads to equation (1) in the article, since (1) is used in 
the proof sketches: 
 

We rewrite the conclusion of Taylor’s theorem as f(b) = pn(b) + rn(b) where pn is 
the nth degree Taylor polynomial, and rn is the remainder term with cn[a,b]. Thus, 
pn(b) + rn(b) = pn+1(b) + rn+1(b); that is,  

;  so 

          (1) 

 
 
Proof sketches for theorems 2 and 3 (some of the gory details) 

Proof sketch of Theorem 2: Since f (n+3) exists on [a,b], equation (1) from the article 

generalizes to 

, 

which implies 

. 
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Next, assuming that f (n+1) is locally invertible near a, we have 

 [f (n+1)]-1 . 

We expand the right side above using a finite Taylor series with remainder, applied to  

[f (n+1)]-1, expanding about the point f (n+1)(a).  In order to do this, we need the first and 

second derivatives of [f (n+1)]-1.  Since  and 

, applying this to g = f (n+1) and assuming that f (n+2)(a) is 

not zero, we obtain 

      

                 (2) 

where  is some number near a that depends on [f (n+1)]-1, f  (n+2)(a),  f (n+3)(cn+2[a,b]), b and 

n.  Since , (2) and some algebra implies that 

 

and Theorem 2 follows.  This inequality also provides some practical guidance as to 

when the approximation will be valid. □ 

Proof sketch of Theorem 3: Under the first hypothesis, i.e. f (n+2) (a) = 0 and f (n+3) does 

not vanish on [a,b] , and assuming that f (n+1) is locally invertible near a we have 
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 [f (n+1)]-1 .  We cannot proceed with a 

Taylor series of the right side since the derivative of f (n+1) is 0 (so the derivative of  

[f (n+1)]-1 is undefined at f (n+1)(a)).  Instead, we use the fact that if g is twice-differentiable, 

then implies that , so 

.  Thus, , 

where here c is some number between a and cn[a,b].  So, while a priori cn+2[a,b] is any 

number between a and b, c is, for instance, bounded between a and    .  

So c approaches a as n gets large.  More generally, if f (n+4) exists on [a,b], we have 

 

and using the fact that f (n+2) (a) = 0 and the bounds given, we can conclude that if 

 then , i.e. 

for large n.  (And note that the technical condition can be used 

to determine how large n must be, before we expect the approximation to hold.)  

If f (n+2) (a) = f (n+3)(a)=0, then 
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To invert f (n+1) here, we proceed as above, and observe that for a function g that is three-

times-differentiable, if and  then  so 

that which after a few steps implies 

, for sufficiently large n.  This completes our sketched 

justification of Theorem 3. □ 

Revisiting two examples 

     For one of our functions, cn can be found exactly.  We compare the result with our 

theorems above.  Consider f(x)=1/(1-x) on [0,b] with b<1.  Since 

 and ,  

 , or .  Thus, .  

In order to directly compare this with our results above, we need to express cn in terms of 

1/n; and with some manipulations left to the reader [essentially just expanding (1-x)k in a 

Taylor series and letting k=1/(n+1)], we find for n large that 

cn ≈ -ln(1-b)/n.   (3) 

Thus, when b is small compared with 1, we have cn ≈ b/n.  For general 0<b<1, we have  

cn ≈ (b +b2/2 + b3 /3 + … )/n .  Note that this does not contradict Theorem 2; the 

sufficient condition given does not apply for f(x)=1/(1-x) if a=0 because for f(x)=1/(1-x),  

f (n+2)(x)=(n+2)!/(1-x)n+3 and the condition doesn’t actually hold for any positive b for all 

n.  In fact, equation (2) is particularly helpful in analyzing functions that don’t satisfy the 
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conditions in Theorem 2, and for f(x)=1/(1-x) leads to (3).  Separate analysis applied to 

f(x)=√x for a=1, using (2) or other means, similarly yields for large n that  

cn ≈  1 + ln(b)/n  (4) 

     Table 1 depicts values of the slope of the segments in the various figures, along with 

predictions from the theorems. 

 

Table 1.  Values of the slope of the segments seen in Figures 1 through 7 (exact for all 
digits displayed) 
 
Function and 
Interval 

n1 n2 

 

Prediction [source] 

ex on [1,2] 91 111 .9999129… 1 [Thm 2]  
sin x on [1,1.5] 170 182 1.9999626… 2 [Thm 2]  
sin x on [0,.3] 170 182 2.3570292… 10/(3√2)= 2.3570226…[Thm 3] 
 171 183 3.3333258… 10/3=3.333… [Thm 2] 
sin x on [0,2] 171 183 .499949978… 1/2 [Thm 2] 
 172 184 .35353758… 1/(2√2)= 0.35355339…[Thm 3] 
√x on [1,1.2] 310 314 5.484802… 5.4848149477… [(4)]  
1/(1-x) on [0,.25] 250 254 3.4760591… 3.4760594…[(3)] 
exp(x3) on 
[0,.125] 

170 182 4.4026144… 8/61/3= 4.402569665… [Thm 3] 

 171 183 5.65687438788… 8/√2= 5.656854249…[Thm 3] 
 172 184 7.999995613… 8 [Thm 2] 
exp(x3) on [0,2] 153 165 .35362668… 1/(2√2)=.35355339… [Thm 3] 
 154 166 .49693226… .5 [Thm 2] 
 155 167 .27537117… 1/(2 61/3)= .275160604…[Thm 3] 
exp(x3) on [0,3] 223 235 .32254644… .333333…[Thm 2] 
 224 236 .185822855… 1/(3 61/3)= .1834404… [Thm 3] 
 225 237 .23807858… 1/(3√2)=.23570226… [Thm 3] 
 
A comment related to the article’s Conclusion    

As mentioned in the article, the proof in [1] initially inspired our investigation, and helps 

put our results in perspective.  Roughly, for given n,  f, and [a,b], the proof first applies 

Rolle’s theorem not to f directly, but to a function constructed from f, thus finding some 
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 between a and b; then applies Rolle’s theorem (to a different function), finding some 

 between a and ; next applies Rolle’s theorem (to yet another function), obtaining  

between a and   and so on, until one finds some final .  (It is the final  that we are 

denoting cn[a,b], or simply cn when [a,b] is understood.)  Because of all the prior  

constructed that lead to it, it seems intuitive that cn isn’t just anywhere between a and b; it 

should be “close to” a, at least for “large” n.   Our theorems 2 and 3 provide details on 

how cn approaches a. 

 

There is something non-intuitive in the intuitive result that cn tends to a as n increases.  If 

one speculated that  was uniformly randomly located in [a,b]; and  uniformly 

randomly located in [a, ]; and  uniformly randomly located in [a, ]; and so on, 

then the expected value of  would be .  But we have seen that 

generically , so the statistical intuition presented must be flawed.  However, 

is the expected value of the minimum of n +1 independent random.  Is there an 

intuitive, random-variable approach, to explaining why ? 
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